Abstract. Let D be a domain in C n . We introduce a class of pluripolar sets in D which is essentially contained in the class of complete pluripolar sets. An application of this new class to the problem of approximation of holomorphic functions is also given.
A subset E of C n is called pluripolar if for every a ∈ A we can find a neighbourhood U a of a and u ∈ PSH(U a ) such that u ≡ −∞ on E ∩ U a and u ≡ −∞ on any connected component of U a . A basic theorem of Josefson (see [Kl, Theorem 4.7 .4]) asserts that if E is pluripolar in Ω then there exists a plurisubharmonic function u on C n such that u ≡ −∞ on E but u ≡ −∞. If E is pluripolar and contained in some domain Ω of C n then we say that E is complete pluripolar in D if there exists u ∈ PSH(D) such that u −1 (−∞) = E. Obviously every complete pluripolar set E ⊂ Ω is a G δ , it is also well known in one dimension that every G δ polar set is complete polar. However, the situation changes drastically in higher dimensions. The analytic set {(z, 0) : |z| < 1} is complete pluripolar in the bidisk {(z, w) : |z| < 1, |w| < 1} but not in any neigbourhood of the closed bidisk.
A useful tool in studying complete pluripolar sets is pluripolar hulls introduced by Levenberg and Poletsky in [LP] . More precisely, for a given pluripolar subset E of a domain D in C n , we define The following result of Levenberg and Poletsky (see [LP] ) is very useful when we want to "localize" E * D . 
Moreover , if D is hyperconvex , i.e., there exists a negative plurisubharmonic exhaustion function on D, then E *
The result below, due to Zeriahi (Proposition 2.1 in [Ze] ), characterizes complete pluripolarity of a set E in terms of pluripolar hulls. 
sup The following simple fact is needed in the proof.
In particular , if E j is complete pluripolar in Ω for each j ≥ 1 and E is an F σ and G δ set then E is complete pluripolar.
Proof. We first assume that Ω is bounded hyperconvex, i.e., there exists a negative continuous plurisubharmonic exhaustion function for Ω. It is clear that
Since Ω is hyperconvex, it follows from Theorem 2.1 that (E j ) *
By multiplying u j with a suitable positive constant we can achieve that 
If the E j are complete pluripolar then E = E * Ω , and applying Theorem 2.2 we deduce that E is complete pluripolar in Ω.
Take a sequence of positive numbers b m such that
It is clear that u is the decreasing limit of a sequence of negative plurisubharmonic functions on
′ is pluripolar and then so is E. Now, assume that D is pseudoconvex. Let {D j } be an increasing sequence of bounded hyperconvex subdomains of
Combining this with Theorem 2.1 one obtains
Now the conclusion follows from Theorem 2.2.
The main result of this section is the following theorem which establishes connections between S-complete pluripolarity and complete pluripolarity in the usual sense. (2) inf
As D is pseudoconvex and p m is holomorphic on D it follows that D ′ m is an open pseudoconvex set. Oka's theorem (see [Hö] ) shows that the function
. Thus, Oka's theorem implies that D \ E is pseudoconvex, completing the proof.
(b) Since E is closed complete pluripolar in D, according to Lemma 2.1 in [Ze] (see also Lemma 4.2 in [EW2] and Proposition 3.1 in [LNT] ), we can find ϕ ∈ PSH (D) such that e ϕ is continuous on D and ϕ = −∞ precisely on E. Using the approximation theorem of Fornaess and Narasimhan (see Theorem 5.5 in [FN] ) we get a sequence {ϕ m } of C ∞ smooth strictly
By passing to a subsequence we may achieve that ϕ m ≤ − log(m + 1) on D ′ ∩ E and ϕ m < C − 1/2 on K for all m ≥ 1. Next by the proof of Theorem 4.2.13 in [Hö] we get a sequence {p j,m } of holomorphic functions on D and a sequence {a j,m } of positive integers such that the sequence (1/a j,m ) log |p j,m | is locally uniformly upper bounded,
Using Hartogs' lemma, for every m ≥ 1 there is j m so large that
For m ≥ 1 we set
It follows that λ(A m ) < ε/2m
2 for all m ≥ 1. Thus we have
The proof of this part is accomplished by setting
To finish this section we make some conjectures. According to Proposition 9.1 in [Sk] , every complex subvariety of a pseudoconvex domain D in C n is the common zero set of n+1 holomorphic functions on D, in particular it is complete pluripolar in D. Thus Conjecture 3.5 implies Conjecture 3.4.
The interest in S-complete pluripolar sets stems from the following approximation result, which is implicitly contained in Section 3 of [Sa] . For an analogous result for complete pluripolar sets see Proposition 3.2 in [N2] .
Proof. We will use a method devised by Chirka and Sadullaev in [Ch] and [Sa] . Pick a relatively compact pseudoconvex domain
is a Runge pair. Since E is closed S-complete pluripolar, there are a sequence {p m } of holomorphic functions on D and a sequence {a m } of positive integers such that log |z − w j | ≥ log δ
It is clear that these choices satisfy (a)-(c) of Definition 2.3. Thus E is S-complete pluripolar in D.
Remark. Proposition 4.1(i) is not true when n ≥ 2. Indeed, from Theorem 3.3 and the Hartogs extension theorem we infer that no compact pluripolar subset of a pseudoconvex domain D ⊂ C n is S-complete pluripolar in D. 
It is holomorphic, since it is locally a product of k holomorphic functions. Observe that p m is locally bounded near every point of the complex subvariety f (V ), so by Riemann's extension theorem we can extend p m to a holomorphic function, still denoted by p m , on D 2 . It follows from (4)
As f (V ) is nowhere dense in K, we infer that the inequalities in (7) and (8) 
Since f is proper, in view of (4) we can choose j(ε) so large that
Hence this inequality holds on V j(ε) , in particular on L. We are done.
The next result should be compared to Proposition 2 in [Sa] .
Proposition 4.3. A countable union of closed S-complete pluripolar sets in a domain D is S-complete pluripolar in D.
Proof. The proof proceeds in two steps.
Step 1. We prove that the union of two closed S-complete pluripolar sets 
This implies that E is S-complete pluripolar.
Step 2. We move to the general case. Let
Step 1, after replacing E k by k j=1 E j , we can assume that E k is an increasing sequence. Since E k is S-complete pluripolar, there are C k > log k, 0 < δ k < k, a sequence {p k,m } m≥1 of holomorphic functions on D and a sequence {a k,m } m≥1 of positive integers such that
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Choose a sequence {b k,m } of positive numbers such that
For instance, we can take
Perturbing b k,m slightly, we can achieve that the b k,m are positive rational numbers. For each k ≥ 1, consider the function
Observe that for z 0 ∈ L we have k≥1 u k (z 0 ) = −∞, so for every l ≥ 1 there exists k l sufficiently large such that
So there exists m l large enough such that
Thus there is an open neighbourhood
Since L is compact, we may cover it with a finite number of such neighbourhoods to conclude that there are two numbers, which we also denote by k l and m l , such that (13) 
where
It is clear that p l is holomorphic on D; further we deduce from (13) that
On the other hand, for z ∈ K one has
The proof is completed by taking log δ = ∞ k=1 α k (log δ k − C k ). As a simple consequence of the above result we see that a countable union of complex hypersurfaces which are defined by global holomorphic functions is S-complete pluripolar. The following class of S-complete pluripolar sets is a little more sophisticated.
We showed in Theorem 3.1 of [N1] an analogous result which says that if E is complete pluripolar in
Proof. We use the same ideas as in the proof of Theorem 3.1 in [N1] . First we assume that
′ be a relatively compact subdomain of D, and let K and L be compact subsets of For the converse, take pseudoconvex relatively compact subdomains D ′ ⊂⊂ D ′′ ⊂⊂ D, a disk U ⊂ C of radius R centred at 0, and compact sets K, L such that 
